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Abstract
In this paper, first we show that there is a Hom-Lie algebra structure on the set of (σ, σ)-
derivations of an associative algebra. Then we construct the dual representation of a rep-
resentation of a Hom-Lie algebra. We introduce the notions of a Manin triple for Hom-Lie
algebras and a purely Hom-Lie bialgebra. Using the coadjoint representation, we show that
there is a one-to-one correspondence between Manin triples for Hom-Lie algebras and purely
Hom-Lie bialgebras. Finally, we study coboundary purely Hom-Lie bialgebras and construct
solutions of the classical Hom-Yang-Baxter equations in some special Hom-Lie algebras using
Hom-O-operators.
1 Introduction
In the study of σ-derivations of an associative algebra, Hartwig, Larsson and Silvestrov introduced
the notion of a Hom-Lie algebra in [8]. Some q-deformations of the Witt and the Virasoro alge-
bras have the structure of a Hom-Lie algebra. By Hartwig, Larsson and Silvestrov’s definition, a
Hom-Lie algebra (L, [·, ·]L, ς) is a nonassociative algebra (L, [·, ·]L) together with an algebra homo-
morphism ς : L −→ L such that [·, ·]L is skew-symmetric and the following equality holds:
[(id + ς)(x), [y, z]L]L + [(id + ς)(y), [z, x]L]L + [(id + ς)(z), [x, y]L]L = 0, ∀x, y, z ∈ L. (1)
Because of their close relation to discrete and deformed vector fields and differential calculus
[8, 12, 13], Hartwig, Larsson and Silvestrov’s Hom-Lie algebras were widely studied. Recently,
Elchinger, Lundengard, Makhlouf and Silvestrov extend the result in [8] to the case of (σ, τ)-
derivations, see [7] for more details.
Then in [15], Makhlouf and Silvestrov modified the definition of the Hom-Lie algebra. In
Makhlouf and Silvestrov’s new definition, a Hom-Lie algebra (g, [·, ·]g, φ) is a nonassociative algebra
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(g, [·, ·]g) together with an algebra homomorphism φ : g −→ g such that [·, ·]g is skew-symmetric
and the following equality holds:
[φ(x), [y, z]g]g + [φ(y), [z, x]g]g + [φ(z), [x, y]g]g = 0, ∀x, y, z ∈ g. (2)
If the underlying nonassociative algebra is a Lie algebra, the above two definitions are equivalent.
Some works have been done under this condition (e.g. [9, 20]). However, in general the above
two definitions are not equivalent: in Hartwig, Larsson and Silvestrov’s Hom-Lie algebra, if we
set φ = id + ς, then φ is not an algebra homomorphism. On the other hand, in Hartwig, Larsson
and Silvestrov’s original study, the underlying nonassociative algebra is not a Lie algebra. Even
though many important works have been done for Makhlouf and Silvestrov’s Hom-Lie algebra (e.g.
[1, 3, 5, 14–17, 22, 23]), there are still lack of concrete examples of such an algebraic structure.
In this paper, we give an example of Makhlouf and Silvestrov’s Hom-Lie algebra. We show
that on the set of (σ, σ)-derivations of an associative algebra, there is a natural Hom-Lie algebra
structure in the sense of Makhlouf and Silvestrov. In the sequel, we only consider Makhlouf and
Silvestrov’s Hom-Lie algebra.
The other purpose of this paper is to study the bialgebra theory for Hom-Lie algebras. A
bialgebra is a pair (g, g∗) such that there are same algebraic structures on g and g∗ and some
compatibility conditions are satisfied. One of the most interesting bialgebra is a Lie bialgebra
([6]), which contains a Lie algebra (g, [·, ·]) and Lie coalgebra (g,∆) such that a compatibility
condition between the Lie bracket [·, ·] : ∧2g −→ g and Lie cobracket ∆ : g −→ ∧2g is satisfied.
One compatibility condition is that ∆ is a 1-cocycle on g with the coefficients in ∧2g. Another
equivalent compatibility condition is that (g⊕g∗; g, g∗) is a Manin triple for Lie algebras. There are
already two approaches to study Hom-Lie bialgebras. One is given in [24], where the compatibility
condition is that the Hom-Lie cobracket ∆ is a 1-cocycle on the Hom-Lie algebras g with the
coefficients in ∧2g. However, different from the case of Lie bialgebras, there is not a natural Hom-
Lie algebra structure on g ⊕ g∗ such that (g ⊕ g∗; g, g∗) is a Manin triple for Hom-Lie algebras.
To solve this defect, the authors gave another approach in [18]. However, a quite strong condition
needs to be added so that there is a coadjoint representation of g on g∗.
To give the correct notion of a Hom-Lie bialgebra, we need to have the correct dual represen-
tation first. As pointed in [3], for a representation ρ of a Hom-Lie algebra (g, [·, ·]g, φ) on V with
respect to β ∈ gl(V ), ρ∗ is not a representation of g on V ∗ anymore. To solve this problem, we
introduce ρ⋆ : g −→ gl(V ∗), which turns to be a representation of g on V ∗ with respect to (β−1)∗.
We explain that ρ⋆ is actually the right dual representation in the Hom-Lie algebra context (See
Remark 3.5). This is the main tool in our study. Then we modify the invariant condition of a
symmetric bilinear form on a Hom-Lie algebra. In [3], a symmetric bilinear form B on a Hom-Lie
algebra (g, [·, ·]g, φ) is called invariant if B(φ(x), y) = B(x, φ(y)). We modify this condition to be
B(φ(x), φ(y)) = B(x, y). See Remark 4.3 for the explanation. This is the main ingredient to give
a new type of Hom-Lie bialgebras. With these preparations, we give the notions of a Manin triple
for Hom-Lie algebras and a purely Hom-Lie bialgebra. We also study triangular purely Hom-Lie
bialgebras in details. Our purely Hom-Lie bialgebra enjoys all the properties that a Lie bialgebra
has.
The paper is organized as follows. In Section 2, we show that on the set of (σ, σ)-derivations
of an associative algebra, there is a natural Hom-Lie algebra structure (Theorem 2.2) and we also
give some examples. In Section 3, associated to a representation ρ of a Hom-Lie algebra (g, [·, ·]g, φ)
on V with respect to β ∈ GL(V ), we construct a representation ρ⋆ of g on V ∗ with respect to
(β−1)∗ ∈ GL(V ∗), which is called the dual representation (Lemma 3.4). In Section 4, first we give
the notion of a quadratic Hom-Lie algebra. Then we give the notions of a Manin triple for Hom-
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Lie algebras and a purely Hom-Lie bialgebra. We show that there is a one-to-one correspondence
between Manin triples for Hom-Lie algebras and purely Hom-Lie bialgebras (Theorem 4.11). In
Section 5, we study coboundary purely Hom-Lie bialgebras and introduce the notion of the classical
Hom-Yang-Baxter equation. We construct solutions of the classical Hom-Yang-Baxter equation in
some semidirect product Hom-Lie algebra using Hom-O-operators (Theorem 5.12).
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2 Hom-Lie algebra structures on the set of (σ, σ)-derivations
In this section, we construct a Hom-Lie algebra on the set of (σ, σ)-derivations of an associative
algebra.
A Hom-Lie algebra (g, [·, ·]g, φ) is called a regular Hom-Lie algebra if φ is an algebra auto-
morphism. Throughout the paper, all Hom-Lie algebras are regular. Let V be a vector space, for
any β ∈ GL(V ), define a bracket [·, ·]β on gl(V ) by
[A,B]β = βAβ
−1Bβ−1 − βBβ−1Aβ−1, ∀A,B ∈ gl(V ).
Then (gl(V ), [·, ·]β ,Adβ) is a regular Hom-Lie algebra, where Adβ(A) = βAβ
−1 for all A ∈ gl(V ).
This regular Hom-Lie algebra plays important roles in the representation theory of Hom-Lie alge-
bras. See [19] for more details.
Let A be an associative algebra over a field K, and σ and τ denote two algebra endomorphisms
on A. A (σ, τ)-derivation on A is a linear map D : A −→ A such that
D(ab) = D(a)τ(b) + σ(a)D(b), ∀ a, b ∈ A. (3)
The set of all (σ, τ)-derivations on A is denoted by Derσ,τ (A). See [7] for examples of (σ, τ)-
derivations. Let σ be an algebra isomorphism of A. Define a skew-symmetric bilinear map [·, ·]σ :
∧2Derσ,σ(A) −→ Derσ,σ(A) by
[D1, D2]σ = σ ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−1 − σ ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−1, ∀D1, D2 ∈ Derσ,σ(A). (4)
The following lemma ensures that the operation [·, ·]σ is well-defined.
Lemma 2.1. For all D1, D2 ∈ Derσ,σ(A), we have [D1, D2]σ ∈ Derσ,σ(A).
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Proof. For all a, b ∈ A, by σ(ab) = σ(a)σ(b), we have
[D1, D2]σ(ab) = (σ ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−1 − σ ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−1)(ab)
= σD1
(
σ−1D2
(
σ−1(a)σ−1(b)
))
− σD2
(
σ−1D1
(
σ−1(a)σ−1(b)
))
= σD1
(
σ−1
(
D2(σ
−1(a))b+ aD2(σ
−1b)
))
−σD2
(
σ−1
(
D1(σ
−1(a))b + aD1(σ
−1b)
))
= σD1
(
σ−1D2
(
σ−1(a)
)
σ−1(b) + σ−1(a)σ−1D2(σ
−1b)
)
−σD2
(
σ−1D1
(
σ−1(a)
)
σ−1(b) + σ−1(a)σ−1D1(σ
−1b)
)
= σ
(
D1
(
σ−1D2(σ
−1a)
)
b+D2
(
σ−1a
)
D1
(
σ−1b
)
+D1(σ
−1a)D2(σ
−1b) + aD1
(
σ−1D2(σ
−1b)
))
−σ
(
D2
(
σ−1D1(σ
−1a)
)
b+D1
(
σ−1a
)
D2
(
σ−1b
)
+D2(σ
−1a)D1(σ
−1b) + aD2
(
σ−1D1(σ
−1b)
))
= σD1
(
σ−1D2(σ
−1a)
)
σ(b) + σD2
(
σ−1a
)
σD1
(
σ−1b
)
+σD1(σ
−1a)σD2(σ
−1b) + σ(a)σD1
(
σ−1D2(σ
−1b)
)
−σD2
(
σ−1D1(σ
−1a)
)
σ(b)− σD1
(
σ−1a
)
σD2
(
σ−1b
)
−σD2(σ
−1a)σD1(σ
−1b)− σ(a)σD2
(
σ−1D1(σ
−1b)
)
= [D1, D2]σ(a)σ(b) + σ(a)[D1, D2]σ(b),
which implies that [D1, D2]σ ∈ Derσ,σ(A).
Define Adσ : Derσ,σ(A)→ Derσ,σ(A) by
Adσ(D) = σ ◦D ◦ σ
−1. (5)
Theorem 2.2. With the above notations, (Derσ,σ(A), [·, ·]σ ,Adσ) is a Hom-Lie algebra.
Proof. For all D1, D2 ∈ Derσ,σ(A), we have
Adσ([D1, D2]σ) = Adσ(σ ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−1 − σ ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−1)
= σ2 ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−2 − σ2 ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−2
= σ ◦ (σ ◦D1 ◦ σ
−1) ◦ σ−1 ◦ (σ ◦D2 ◦ σ
−1) ◦ σ−1
−σ ◦ (σ ◦D2 ◦ σ
−1) ◦ σ−1 ◦ (σ ◦D1 ◦ σ
−1) ◦ σ−1
= [Adσ(D1),Adσ(D2)]σ,
which implies that Adσ is an algebra isomorphism.
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Furthermore, for all D1, D2, D3 ∈ Derσ,σ(A), we have
[[D1, D2]σ,Adσ(D3)]σ + c.p.
= [σ ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−1 − σ ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−1,Adσ(D3)]σ + c.p.
= σ ◦ (σ ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−1 − σ ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−1) ◦ σ−1 ◦Adσ(D3) ◦ σ
−1
−σ ◦Adσ(D3) ◦ σ
−1 ◦ (σ ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−1 − σ ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−1) ◦ σ−1 + c.p.
= σ2 ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−1 ◦D3 ◦ σ
−2 − σ2 ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−1 ◦D3 ◦ σ
−2
−σ2 ◦D3 ◦ σ
−1 ◦D1 ◦ σ
−1 ◦D2 ◦ σ
−2 + σ2 ◦D3 ◦ σ
−1 ◦D2 ◦ σ
−1 ◦D1 ◦ σ
−2 + c.p.
= 0,
where c.p. means cyclic permutation. Therefore, (Derσ,σ(A), [·, ·]σ ,Adσ) is a Hom-Lie algebra.
Remark 2.3. There are many examples of Hom-Lie algebras that are generalizations of the one
given in Theorem 2.2: for all m, l ∈ Z, (Derσm,σm(A), [·, ·]ml,Adσl) is a Hom-Lie algebra, where
the skew-symmetric bilinear map [·, ·]ml : ∧
2Derσm,σm(A) −→ Derσm,σm(A) and Adσl are given by
[D1, D2]ml = σ
l ◦D1 ◦ σ
−m ◦D2 ◦ σ
−l − σl ◦D2 ◦ σ
−m ◦D1 ◦ σ
−l, (6)
Adσl(D) = σ
l ◦D ◦ σ−l, ∀D1, D2, D ∈ Derσ,σ(A). (7)
In particular, if m = 0, l = 0, we recover the usual derivation Lie algebra.
Example 2.4. Let M be a differential manifold, and ϕ : M −→ M a diffeomorphism. Obvi-
ously, ϕ∗ : C∞(M) −→ C∞(M) is an algebra isomorphism. A section X ∈ Γ(ϕ∗TM) of the
pull back bundle ϕ∗TM can be identified with a (ϕ∗, ϕ∗)-derivation on C∞(M). Consequently,
(Γ(ϕ∗TM), [·, ·]ϕ∗ ,Adϕ∗) is a Hom-Lie algebra. This example plays important role in our future
study on Hom-Lie algebroids.
Example 2.5. Let σ : C[[t]]→ C[[t]] be an algebra isomorphism. Then the set of (σ, σ)-derivations
is given by
Derσ,σ(C[[t]]) = {D|D(f(t)) = f
′(s)|s=σ(t)D0(t), for some D0(t) ∈ C[[t]]} ∼= C[[t]],
which has a basis {dn|n ∈ Z}, where
dn(f(t)) = f
′(s)|s=σ(t)t
n.
In particular, we have
dn(t
k) = k
(
σ(t)
)k−1
tn. (8)
The Hom-Lie bracket is given by
[dn, dm]σ(t
k) = k(m− n)
(
σ(t)
)n+m+k−2((
σ−1(t)
)′)2
. (9)
(i) If σ(t) = qt, for some q ∈ C\{0, 1}, then
[dn, dm]σ = (m− n)q
n+m−3dn+m−1,
Adσ(dn) = q
n−1dn.
(ii) If σ(t) = qt−1, for some q ∈ C\{0}, then
[dn, dm]σ = (m− n)q
n+m+1d−n−m−3,
Adσ(dn) = −q
n+1d−n−2.
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3 Dual representations
In this section, we construct the dual representation of a representation of a Hom-Lie algebra
without any additional condition. This is nontrivial. To our knowledge, people need to add a very
strong condition to obtain a representation on the dual space in the former study. This restricts
its development.
Definition 3.1. A representation of a Hom-Lie algebra (g, [·, ·]g, φ) on a vector space V with
respect to β ∈ gl(V ) is a linear map ρ : g −→ gl(V ), such that for all x, y ∈ g, the following
equalities are satisfied:
ρ(φ(x)) ◦ β = β ◦ ρ(x); (10)
ρ([x, y]g) ◦ β = ρ(φ(x)) ◦ ρ(y)− ρ(φ(y)) ◦ ρ(x). (11)
We denote a representation of a Hom-Lie algebra (g, [·, ·]g, φ) by (V, β, ρ).
Let (g, [·, ·]g, φ) be a Hom-Lie algebra. The linear map φ : g −→ g can be extended to a linear
map from ∧kg −→ ∧kg, for which we use the same notation φ via
φ(x1 ∧ · · · ∧ xk) = φ(x1) ∧ · · · ∧ φ(xk).
Furthermore, the bracket operation [·, ·]g can also be extended to ∧
•g via
[x1∧· · ·∧xm, y1∧· · ·∧yn]g =
∑
i,j
(−1)i+j [xi, yj]g∧φ(x1 ∧· · · x̂i · · ·∧xm∧y1∧· · · ŷj · · ·∧yn), (12)
for all x1 ∧ · · · ∧ xm ∈ ∧
mg, y1 ∧ · · · ∧ yn ∈ ∧
ng. Consequently, (⊕k ∧
k g,∧, [·, ·]g, φ) is a Hom-
Gerstenhaber algebra introduced in [11].
Example 3.2. Let (g, [·, ·]g, φ) be a Hom-Lie algebra. For any integer s, the φ
s-adjoint represen-
tation of g on ∧kg, which we denote by ads, is defined by
adsxY = [φ
s(x), Y ]g, ∀x ∈ g, Y ∈ ∧
kg.
In particular, we write ad0 simply by ad.
Given a representation ρ of the Hom-Lie algebra (g, [·, ·]g, φ) on V with respect to β, define
dρ : Hom(∧
kg, V ) −→ Hom(∧k+1g, V ) by
dρf(x1, · · · , xk+1) =
k+1∑
i=1
(−1)i+1ρ(xi)
(
f(φ−1(x1), · · · , φ̂−1(xi), · · · , φ
−1(xk+1))
)
+
∑
i<j
(−1)i+jβf([φ−2(xi), φ
−2(xj)]g, φ
−1(x1) · · · , φ̂−1(xi), · · · , ̂φ−1(xj), · · · , φ
−1(xk+1)).
Then we have d2ρ = 0. See [4] for more details. We use H
•(g, ρ) to denote the corresponding
cohomology group.
Example 3.3. Consider the φ−2-adjoint representation of g on ∧2g. A linear map θ : g −→ ∧2g
satisfying θ ◦ φ = φ ◦ θ is a 1-cocycle, i.e. dad−2θ = 0, if
[φ−2(x), θ
(
φ−1(y)
)
]g − [φ
−2(y), θ
(
φ−1(x)
)
]g − θ([φ
−1(x), φ−1(y)]g) = 0.
Equivalently, θ is a (φ−1, φ−1)-derivation.
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Let (V, β, ρ) be a representation of a Hom-Lie algebra (g, [·, ·]g, φ). In the sequel, we always
assume that β is invertible. Define ρ∗ : g −→ gl(V ∗) as usual by
〈ρ∗(x)(ξ), u〉 = −〈ξ, ρ(x)(u)〉, ∀x ∈ g, u ∈ V, ξ ∈ V ∗.
However, in general ρ∗ is not a representation of g anymore (see [3] for details). Define ρ⋆ : g −→
gl(V ∗) by
ρ⋆(x)(ξ) := ρ∗(φ(x))
(
(β−2)∗(ξ)
)
, ∀x ∈ g, ξ ∈ V ∗. (13)
More precisely, we have
〈ρ⋆(x)(ξ), u〉 = −〈ξ, ρ(φ−1(x))(β−2(u))〉, ∀x ∈ g, u ∈ V, ξ ∈ V ∗. (14)
Lemma 3.4. Let (V, β, ρ) be a representation of a Hom-Lie algebra (g, [·, ·]g, φ). Then ρ
⋆ : g −→
gl(V ∗) defined above by (13) is a representation of (g, [·, ·]g, φ) on V
∗ with respect to (β−1)∗.
Proof. For all x ∈ g, ξ ∈ V ∗, we have
ρ⋆(φ(x))((β−1)∗(ξ)) = ρ∗(φ2(x))(β−3)∗(ξ) = (β−1)∗(ρ∗(φ(x))(β−2)∗(ξ)) = (β−1)∗(ρ⋆(x)(ξ)),
which implies ρ⋆
(
φ(x)
)
◦ (β−1)∗ = (β−1)∗ ◦ ρ⋆(x).
On the other hand, by the Hom-Jacobi identity, for all x, y ∈ g, ξ ∈ V ∗ and u ∈ V , we have
〈ρ⋆([x, y]g)((β
−1)∗(ξ)), u〉
= 〈ρ∗(φ([x, y]g))((β
−3)∗(ξ)), u〉
= −〈(β−3)∗(ξ), ρ(φ([x, y]g))(u)〉
= −〈(β−3)∗(ξ), ρ(φ2(x))(ρ(φ(y))(β−1(u)))− ρ(φ2(y))(ρ(φ(x))(β−1(u)))〉
= −〈(β−4)∗(ξ), ρ(φ3(x))(ρ(φ2(y))(u)) − ρ(φ3(y))(ρ(φ2(x))(u))〉
= −〈ρ∗(φ2(y))(ρ∗(φ3(x))((β−4)∗(ξ))) − ρ∗(φ2(x))(ρ∗(φ3(y))((β−4)∗(ξ))), u〉
= −〈ρ⋆(φ(y))
(
ρ⋆(x)(ξ)
)
− ρ⋆(φ(x))
(
ρ⋆(y)(ξ)
)
, u〉,
which implies that
ρ⋆([x, y]g) ◦ (β
−1)∗ = ρ⋆
(
φ(x)
)
◦ ρ⋆(y)− ρ⋆
(
φ(y)
)
◦ ρ⋆(x).
Therefore, ρ⋆ is a representation of (g, [·, ·]g, φ) on V
∗ with respect to (β−1)∗.
Remark 3.5. The representation ρ⋆ given by (13) is the right dual representation in the Hom-
Lie algebra context. It can be obtained essentially as follows. Let (g, {·, ·}) be a Lie algebra and
ρ : g −→ gl(V ) a representation of the Lie algebra (g, {·, ·}) on V , and ρ∗ : g −→ gl(V ∗) the
associated dual representation. Then we have two semidirect product Lie algebras (g ⊕ V, {·, ·}ρ)
and (g ⊕ V ∗, {·, ·}ρ∗). Note that (g ⊕ V, {·, ·}ρ) can be viewed as an abelian extension of g by V .
Let (φ, β) be an inducible pair ([2]), i.e. φ : g −→ g is a Lie algebra automorphism and β ∈ GL(V )
satisfy
βρ(x) = ρ(φ(x))β, ∀x ∈ g.
Then φ + β is an automorphism of the Lie algebra (g ⊕ V, {·, ·}ρ). Since φ is a Lie algebra auto-
morphism, it follows that (g, [·, ·]φ, φ) is a Hom-Lie algebra ([21]), where [·, ·]φ : ∧
2g −→ g is given
by [x, y]φ = φ{x, y}. Similarly, we obtain a Hom-Lie algebra (g⊕V, [·, ·]φ+β , φ+β). Now we define
ρ : g −→ gl(V ) by
ρ(x)(u) = [x, u]φ+β = βρ(x)(u) = ρ(φ(x))β(u).
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It follows that ρ is a representation of the Hom-Lie algebra (g, [·, ·]φ, φ) on V with respect to β.
Now using this principle, we investigate the dual representation. First we observe that we should
consider (β−1)∗ : g∗ −→ g∗ rather than β∗ to ensure that the following equality holds:
(β−1)∗ρ∗(x) = ρ∗(φ(x))(β−1)∗.
Then φ+(β−1)∗ is an automorphism of the Lie algebra (g⊕V ∗, {·, ·}ρ∗), and we obtain a Hom-Lie
algebra (g⊕ V ∗, [·, ·]φ+(β−1)∗ , φ+ (β
−1)∗). Now we define ρ⋆ : g −→ gl(V ∗) by
ρ⋆(x)(ξ) = [x, ξ]φ+(β−1)∗ = (β
−1)∗ρ∗(x)(ξ) = ρ∗(φ(x))(β−1)∗(ξ).
It follows that ρ⋆ is a representation of the Hom-Lie algebra (g, [·, ·]φ, φ) on V
∗ with respect to
(β−1)∗.
Finally, one can deduce that the relation between ρ and ρ⋆ is exactly given by (14). This justifies
that ρ⋆ is the right dual representation in the Hom-Lie algebra context.
Remark 3.6. In Example 3.2, we have seen that there are a series of adjoint representation.
Parallel to this result, for any s ∈ Z, we can define ρ⋆s : g −→ gl(V
∗) by
ρ⋆s(x)(ξ) = ρ
∗(φs(x))
(
(β−2)∗(ξ)
)
.
Then ρ⋆s is also a representation of (g, [·, ·]g, φ) on V
∗ with respect to (β−1)∗.
Lemma 3.7. Let (V, β, ρ) be a representation of Hom-Lie algebra (g, [·, ·]g, φ). Then we have
(ρ⋆)⋆ = ρ.
Proof. For all x ∈ g, u ∈ V, ξ ∈ V ∗, we have
〈(ρ⋆)⋆(x)(u), ξ〉 = 〈(ρ⋆)∗(φ(x))(β2(u)), ξ〉 = −〈β2(u), ρ⋆(φ(x))(ξ)〉
= −〈β2(u), ρ∗(φ2(x))((β−2)∗(ξ))〉 = 〈ρ(φ2(x))(β2(u)), (β−2)∗(ξ)〉
= 〈ρ(x)(u), ξ〉,
which implies that (ρ⋆)⋆ = ρ.
Corollary 3.8. Let (g, [·, ·]g, φ) be a Hom-Lie algebra. Then ad
⋆ : g −→ gl(g∗) defined by
ad⋆xξ = ad
∗
φ(x)(φ
−2)∗(ξ), ∀x ∈ g, ξ ∈ g∗, (15)
is a representation of the Hom-Lie algebra (g, [·, ·]g, φ) on g
∗ with respect to (φ−1)∗, which is called
the coadjoint representation.
Using the coadjoint representation ad⋆, we can obtain a semidirect product Hom-Lie algebra
structure on g⊕ g∗.
Corollary 3.9. Let (g, [·, ·]g, φ) be a Hom-Lie algebra. Then there is a natural Hom-Lie algebra
(g⊕ g∗, [·, ·]s, φ⊕ (φ
−1)∗), where the Hom-Lie bracket [·, ·]s is given by
[x + ξ, y + η]s = [x, y]g + ad
⋆
xη − ad
⋆
yξ = [x, y]g + ad
∗
φ(x)(φ
−2)∗(η)− ad∗φ(y)(φ
−2)∗(ξ), (16)
for all x, y ∈ g, ξ, η ∈ g∗.
The above construction of the semidirect product Hom-Lie algebra (g ⊕ g∗, [·, ·]s, φ ⊕ (φ
−1)∗)
is a very important step to build a Manin triple from a purely Hom-Lie bialgebra as shown in the
next section.
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4 Purely Hom-Lie bialgebras and Manin triples for Hom-
Lie algebras
In this section, we give the notions of a Manin triple for Hom-Lie algebras and a purely Hom-Lie
bialgebra, and show that they are equivalent. First we modify the notion of a quadratic Hom-Lie
algebra.
Definition 4.1. Let (V , [·, ·]V , φV) be a Hom-Lie algebra. A symmetric bilinear form B on V is
called invariant if for all u, v, w ∈ V, we have
B([u, v]V , φV(w)) = −B(φV (v), [u,w]V ), (17)
B(φV (u), φV (v)) = B(u, v). (18)
The quadruple (V , [·, ·]V , φV , B) is called a quadratic Hom-Lie algebra.
Example 4.2. Let {e1, e2, e3, e4} be a basis of a 4-dimensional vector space V . Define a skew-
symmetric bracket operation [·, ·]V on V by
[e1, e2]V = e2, [e1, e3]V = e2, [e1, e4]V = −e1 − e2 + e3 − e4,
[e2, e3]V = 0, [e2, e4]V = e3, [e3, e4]V = e3.
Then (g, [·, ·]g, φV) is a Hom-Lie algebra in which φV =


1 1 0 0
0 1 0 0
0 0 1 0
0 0 −1 1

. More precisely,
φV(e1) = e1 + e2, φV (e2) = e2, φV(e3) = e3, φV(e4) = −e3 + e4.
Furthermore, let (bij) =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 and define the symmetric bilinear form via B(ei, ej) =
bij . Then (V , [·, ·]V , φV , B) is a quadratic Hom-Lie algebra.
Remark 4.3. Note that the invariant condition (18) is not the same as the one give in [3], where
the author used the condition
B(φV(u), v) = B(u, φV (v)). (19)
Note that the compatibility condition between φg and the multiplication [·, ·]g is that φg is an algebra
automorphism. For the algebra (g, [·, ·]g), the set of algebra automorphisms is a group, called the
automorphism group. Thus, it is natural to require that φg and the bilinear form B satisfy a similar
compatibility condition. One can show that the set of linear maps that preserve the bilinear form B
in the sense of (18) is a group. Actually it is the orthogonal group associated to the bilinear form
B. However, linear maps that preserve the bilinear form B in the sense of (19) do not have such
properties.
Definition 4.4. A Manin triple for Hom-Lie algebras is a triple (V ; g, g′) in which (V , [·, ·]V ,
φV , B) is a quadratic Hom-Lie algebra, (g, [·, ·]g, φg) and (g
′, [·, ·]g′ , φg′) are isotropic Hom-Lie sub-
algebras of V such that
(i) V = g⊕ g′ as vector spaces;
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(ii) φV = φg ⊕ φg′ .
Example 4.5. Let (V , [·, ·]V , φV , B) be the quadratic Hom-Lie algebra given in Example 4.2. Let
(g, [·, ·]g, φg) be the Hom-Lie subalgebra given by
g = span{e1, e2}, [e1, e2]g = e2, φg =
(
1 1
0 1
)
.
Let (g′, [·, ·]g′ , φg′) be the Hom-Lie subalgebra given by
g′ = span{e3, e4}, [e3, e4]g′ = e3, φg′ =
(
1 0
−1 1
)
.
Then it is straightforward to see that (V ; g, g′) is a Manin triple for Hom-Lie algebras.
Definition 4.6. Let (g, [·, ·]g, φ) and (g
∗, [·, ·]g∗ , (φ
−1)∗) be two Hom-Lie algebras. (g, g∗) is called
a purely Hom-Lie bialgebra if the following compatibility condition holds:
∆([x, y]g) = adφ−1(x)∆(y)− adφ−1(y)∆(x), (20)
where ∆ : g −→ ∧2g is the dual of the Hom-Lie algebra structure [·, ·]g∗ : ∧
2g∗ −→ g∗ on g∗, i.e.
〈∆(x), ξ ∧ η〉 = 〈x, [ξ, η]g∗〉.
Example 4.7. Let g and g′ be the two Hom-Lie algebras given in Example 4.5. We view g′ as
the dual space of g and view {e3, e4} the dual basis of {e1, e2}. Then (g, g
′) is a purely Hom-Lie
bialgebra.
Remark 4.8. We give some explanations of the compatibility condition (20). Due to the fact that
⊕∞k=0 ∧
k g is a graded Hom-Lie algebra, (20) means that ∆ is a (φ−1, φ−1)-derivation. On the
other hand, using the cohomology point of view, (20) also means that ∆ is a 1-cocycle on g with
the coefficients in (∧2g, ad−2).
Remark 4.9. Our definition of a purely Hom-Lie bialgebra is different from the Hom-Lie bialgebras
given in [24] and [18] respectively. In [24], a Hom-Lie bialgebra is a quadruple (g, [·, ·]g,∆, φ), where
(g, [·, ·]g, φ) is a Hom-Lie algebra and (g,∆, φ) is a Hom-Lie coalgebra
1 such that the following
compatibility condition is satisfied:
∆([x, y]g) = adφ(x)∆(y)− adφ(y)∆(x), ∀x, y ∈ g. (21)
Note that even though one can also explain the above compatibility condition as a derivation, or
a 1-cocycle, there is not a natural Hom-Lie algebra structure on g ⊕ g∗. To solve this problem,
the authors introduced another kind of Hom-Lie bialgebras based on admissible Hom-Lie algebras
in [18]. However, the condition for an admissible Hom-Lie algebra is quite strong, which makes
such kind of Hom-Lie bialgebras too restrictive. It is obvious that the compatibility conditions
(20) and (21) are not the same. The other difference, which is more intrinsic, is that the algebra
homomorphism on g∗ is (φ−1)∗ in a purely Hom-Lie bialgebra and the algebra homomorphism on
g∗ is φ∗ in Hom-Lie bialgebras given in [24] and [18]. By Remark 3.5, we believe that using (φ−1)∗
as the algebra homomorphism on g∗ is more natural.
1(g,∆, φ) is a Hom-Lie coalgebra if and only if (g∗,∆∗, φ∗) is a Hom-Lie algebra.
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Lemma 4.10. Let (g, [·, ·]g, φ) and (g
∗, [·, ·]g∗ , (φ
−1)∗) be two Hom-Lie algebras. Then the condi-
tion (20) is equivalent to
Υ([ξ, η]g∗) = adφ∗(ξ)Υ(η)− adφ∗(η)Υ(ξ), ∀ξ, η ∈ g
∗, (22)
where adξη = [ξ, η]g∗ and Υ : g
∗ −→ ∧2g∗ is the dual of the Hom-Lie algebra structure [·, ·]g :
∧2g −→ g on g, i.e.
〈Υ(ξ), x ∧ y〉 = 〈ξ, [x, y]g〉.
Proof. First for all x ∈ g, ξ1, · · · , ξk ∈ g
∗,Ξ = ξ1 ∧ · · · ∧ ξk, we have
(φ−1)∗ad∗xΞ = ad
∗
φ(x)(φ
−1)∗(Ξ), (23)
ad∗x(ξ1 ∧ · · · ∧ ξk) =
k∑
i=1
φ∗(ξ1) ∧ · · · ∧ ad
∗
xξi ∧ · · · ∧ φ
∗(ξk). (24)
Then for all x, y ∈ g, ξ, η ∈ g∗, by 〈ad∗ξx, η〉 = −〈x, adξη〉, we have
〈−∆([x, y]g) + adφ−1(x)∆(y)− adφ−1(y)∆(x), ξ ∧ η〉
= −〈[x, y]g, [ξ, η]g∗〉 − 〈∆(y), ad
∗
φ−1(x)(ξ ∧ η)〉+ 〈∆(x), ad
∗
φ−1(y)(ξ ∧ η)〉
= −〈x ∧ y,Υ([ξ, η]g∗)〉 − 〈∆(y), ad
∗
φ−1(x)ξ ∧ φ
∗(η) + φ∗(ξ) ∧ ad∗φ−1(x)η〉
+〈∆(x), ad∗φ−1(y)ξ ∧ φ
∗(η) + φ∗(ξ) ∧ ad∗φ−1(y)η〉
= −〈x ∧ y,Υ([ξ, η]g∗)〉+ 〈y, adφ∗(η)ad
∗
φ−1(x)ξ〉 − 〈y, adφ∗(ξ)ad
∗
φ−1(x)η〉
−〈x, adφ∗(η)ad
∗
φ−1(y)ξ〉+ 〈x, adφ∗(ξ)ad
∗
φ−1(y)η〉
= −〈x ∧ y,Υ([ξ, η]g∗)〉+ 〈adφ−1(x)ad
∗
φ∗(η)y, ξ〉 − 〈adφ−1(x)ad
∗
φ∗(ξ)y, η〉
−〈adφ−1(y)ad
∗
φ∗(η)x, ξ〉+ 〈adφ−1(y)ad
∗
φ∗(ξ)x, η〉
= −〈x ∧ y,Υ([ξ, η]g∗)〉+ 〈ad
∗
φ∗(η)(x ∧ y),Υ(ξ)〉 − 〈ad
∗
φ∗(ξ)(x ∧ y),Υ(η)〉
= 〈x ∧ y,−Υ([ξ, η]g∗)− adφ∗(η)Υ(ξ) + adφ∗(ξ)Υ(η)〉,
which implies that (20) and (22) are equivalent.
For two Hom-Lie algebras (g, [·, ·]g, φ) and (g
∗, [·, ·]g∗ , (φ
−1)∗), define a skew-symmetric bilinear
operation [·, ·]⊲⊳ : ∧
2(g⊕ g∗) −→ g⊕ g∗ and a symmetric bilinear form B by
[x+ ξ, y + η]⊲⊳ =
(
[x, y]g + ad
⋆
ξy − ad
⋆
ηx
)
+
(
[ξ, η]g∗ + ad
⋆
xη − ad
⋆
yξ
)
=
(
[x, y]g + ad
∗
(φ−1)∗(ξ)φ
2(y)− ad∗(φ−1)∗(η)φ
2(x)
)
+
(
[ξ, η]g∗ + ad
∗
φ(x)(φ
−2)∗(η)− ad∗φ(y)(φ
−2)∗(ξ)
)
(25)
and
B(x + ξ, y + η) = ξ(y) + η(x). (26)
Note that (25) can be viewed as a generalization of (16).
Theorem 4.11. Let (g, g∗) be a purely Hom-Lie bialgebra. Then
(
g⊕ g∗, [·, ·]⊲⊳, φ⊕ (φ
−1)∗, B
)
is
a quadratic Hom-Lie algebra, where the Hom-Lie bracket [·, ·]⊲⊳ and the bilinear form B are given
by (25) and (26) respectively. Furthermore, (g⊕ g∗; g, g∗) is a Manin triple for Hom-Lie algebras.
Conversely, let (g, [·, ·]g, φg) and (g
∗, [·, ·]g∗ , φg∗) be two Hom-Lie algebras and (g⊕g
∗, [·, ·]g⊕g∗ , φg
⊕ φg∗ , B) a quadratic Hom-Lie algebra, where the symmetric bilinear form B is given by (26). If
(g⊕ g∗; g, g∗) is a Manin triple for Hom-Lie algebras, then (g, g∗) is a purely Hom-Lie bialgebra.
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Proof. Let (g, g∗) be a purely Hom-Lie bialgebra. For all x, y ∈ g and ξ, η ∈ g∗, by (25), we have(
φ⊕ (φ−1)∗
)
[x + ξ, y + η]⊲⊳ = [
(
φ⊕ (φ−1)∗
)
(x+ ξ),
(
φ⊕ (φ−1)∗
)
(y + η)]⊲⊳. (27)
Now we show that [·, ·]⊲⊳ satisfies the Hom-Jacobi identity:
[[x + ξ, y + η]⊲⊳,
(
φ⊕ (φ−1)∗
)
(z + δ)]⊲⊳ + c.p. = 0, (28)
which is equivalent to the following two equalities
[[x, y]g, (φ
−1)∗(δ)]⊲⊳ + [[y, δ]⊲⊳, φ(x)]⊲⊳ + [[δ, x]⊲⊳, φ(y)]⊲⊳ = 0, (29)
[[ξ, η]g∗ , φ(z)]⊲⊳ + [[η, z]⊲⊳, (φ
−1)∗(ξ)]⊲⊳ + [[z, ξ]⊲⊳, (φ
−1)∗(η)]⊲⊳ = 0. (30)
By straightforward computation, we have
[[x, y]g, (φ
−1)∗(δ)]⊲⊳ + [[y, δ]⊲⊳, φ(x)]⊲⊳ + [[δ, x]⊲⊳, φ(y)]⊲⊳
=
(
− ad∗(φ−2)∗(δ)φ
2([x, y]g) + ad
∗
ad∗
φ2(y)
(φ−3)∗(δ)φ
3(x) − ad∗ad∗
φ2(x)
(φ−3)∗(δ)φ
3(y)
−[ad∗(φ−1)∗(δ)φ
2(y), φ(x)]g + [ad
∗
(φ−1)∗(δ)φ
2(x), φ(y)]g
)
+
(
ad∗φ([x,y]g)(φ
−3)∗(δ)− ad∗φ2(x) ◦ ad
∗
φ3(y)(φ
−4)∗(δ) + ad∗φ2(y) ◦ ad
∗
φ3(x)(φ
−4)∗(δ)
)
.
By Corollary 3.8, ad⋆x(ξ) = ad
∗
φ(x)(φ
−2)∗(ξ) is a representation of g on g∗ with respect to (φ−1)∗.
Thus, we have
ad∗φ([x,y]g)(φ
−3)∗(δ)− ad∗φ2(x) ◦ ad
∗
φ3(y)(φ
−4)∗(δ) + ad∗φ2(y) ◦ ad
∗
φ3(x)(φ
−4)∗(δ)
= ad⋆[x,y]g
(
(φ−1)∗δ
)
− ad⋆φ(x)ad
⋆
yδ + ad
⋆
φ(y)ad
⋆
xδ
= 0.
On the other hand, for any γ ∈ g∗, we have
〈γ,−ad∗(φ−2)∗(δ)φ
2([x, y]g) + ad
∗
ad∗
φ2(y)
(φ−3)∗(δ)φ
3(x)− ad∗ad∗
φ2(x)
(φ−3)∗(δ)φ
3(y)
−[ad∗(φ−1)∗(δ)φ
2(y), φ(x)]g + [ad
∗
(φ−1)∗(δ)φ
2(x), φ(y)]g〉
= 〈[(φ−2)∗(δ), γ]g∗ , φ
2([x, y]g)〉 − 〈[ad
∗
φ2(y)(φ
−3)∗(δ), γ]g∗ , φ
3(x)〉 + 〈[ad∗φ2(x)(φ
−3)∗(δ), γ]g∗ , φ
3(y)〉
+〈ad(φ−1)∗(δ) ◦ ad
∗
φ(x)(γ), φ
2(y)〉 − 〈ad(φ−1)∗(δ) ◦ ad
∗
φ(y)(γ), φ
2(x)〉
= 〈δ ∧ (φ2)∗(γ),∆([x, y]g)〉 − 〈ad
∗
φ−1(y)
(
δ ∧ (φ2)∗(γ)
)
,∆(x)〉 + 〈ad∗φ−1(x)
(
δ ∧ (φ2)∗(γ)
)
,∆(y)〉
= 〈∆([x, y]g) + adφ−1(y)∆(x)− adφ−1(x)∆(y), δ ∧ (φ
2)∗(γ)〉
= 0,
which implies that (29) holds. Similarly, by Lemma 4.10, we deduce that (30) holds. Therefore,
[·, ·]⊲⊳ satisfies the Hom-Jacobi identity (28).
By (27) and (28), (g⊕ g∗, [·, ·]⊲⊳, φ ⊕ (φ
−1)∗) is a Hom-Lie algebra. Furthermore, it is obvious
that the bilinear form B defined by (26) is invariant. Therefore, (g⊕ g∗; g, g∗) is Manin triple for
Hom-Lie algebras.
Conversely, if (g ⊕ g∗; g, g∗) is a Manin triple for Hom-Lie algebras, then by (18), we obtain
φg∗ = (φ
−1
g
)∗. By (17), we can deduce that
[x+ ξ, y + η]g⊕g∗ = [x + ξ, y + η]⊲⊳.
Then similarly as the proof of (29), we get the compatibility condition (20). Thus, (g, g∗) is a
purely Hom-Lie bialgebra.
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5 Triangular Hom-Lie bialgebras
For any r ∈ ∧2g, the induced skew-symmetric linear map r♯ : g∗ → g is defined by
〈r♯(ξ), η〉 = 〈r, ξ ∧ η〉. (31)
Definition 5.1. A purely Hom-Lie bialgebra (g, g∗) is said to be coboundary if
∆(x) = (dad−2r)(x) = [φ
−2(x), r]g, for some r ∈ ∧
2g. (32)
Proposition 5.2. Let (g, [·, ·]g, φ) be a Hom-Lie algebra and ∆ : g −→ ∧
2g defined by (32) for
some r ∈ ∧2g satisfying
r♯ ◦ (φ−1)∗ = φ ◦ r♯. (33)
Then for all ξ, η ∈ g∗, we have
[ξ, η]g∗ = ad
⋆
r♯(ξ)η − ad
⋆
r♯(η)ξ = ad
∗
φ(r♯(ξ))(φ
−2)∗(η) − ad∗φ(r♯(η))(φ
−2)∗(ξ), (34)
where [·, ·]g∗ is defined by 〈[ξ, η]g∗ , x〉 = 〈∆(x), ξ ∧ η〉. Furthermore, we have
[r♯ ◦ φ∗(ξ), r♯ ◦ φ∗(η)]g − r
♯ ◦ φ∗([ξ, η]g∗) =
1
2
[r, r]g(ξ, η). (35)
Proof. To be simple, assume r = r1 ∧ r2. By (32) and (23), we have
〈[ξ, η]g∗ , x〉 = 〈ξ ∧ η,∆(x)〉 = 〈ξ ∧ η, [φ
−2(x), r]g〉
= 〈ξ ∧ η, [φ−2(x), r1]g ∧ φ(r2) + φ(r1) ∧ [φ
−2(x), r2]g〉
= 〈[φ−2(x), r1]g, ξ〉〈φ(r2), η〉 − 〈[φ
−2(x), r1]g, η〉〈φ(r2), ξ〉
+〈φ(r1), ξ〉〈[φ
−2(x), r2]g, η〉 − 〈φ(r1), η〉〈[φ
−2x, r2]g, ξ〉
= 〈[φ−2(x), 〈r2, φ
∗(η)〉r1]g, ξ〉 − 〈[φ
−2(x), 〈r2, φ
∗(ξ)〉r1]g, η〉
+〈[φ−2(x), 〈r1, φ
∗(ξ)〉r2]g, η〉 − 〈[φ
−2(x), 〈r1, φ
∗(η)〉r2]g, ξ〉
= −〈[φ−2(x), r♯(φ∗(η))]g, ξ〉+ 〈[φ
−2(x), r♯(φ∗(ξ))]g, η〉
= 〈φ−2(x),−ad∗r♯(φ∗(η))ξ + ad
∗
r♯(φ∗(ξ))η〉
= 〈x,−ad∗φ2(r♯(φ∗(η)))(φ
−2)∗(ξ) + ad∗φ2(r♯(φ∗(ξ)))(φ
−2)∗(η)〉,
= 〈x, ad∗φ(r♯(ξ))(φ
−2)∗(η) − ad∗φ(r♯(η))(φ
−2)∗(ξ)〉
= 〈x, ad⋆r♯(ξ)η − ad
⋆
r♯(η)ξ〉,
which implies that (34) holds.
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On the other hand, for all θ ∈ g∗, we have
〈[φ(r♯(ξ)), φ(r♯(η))]g − φ(r
♯([ξ, η]g∗)), θ〉
= 〈[φ(r♯(ξ)), φ(r♯(η))]g, θ〉+ 〈[ξ, η]g∗ , r
♯(φ∗(θ))〉
= 〈[φ(r♯(ξ)), φ(r♯(η))]g, θ〉+ 〈ad
∗
φ(r♯(ξ))(φ
−2)∗(η) − ad∗φ(r♯(η))(φ
−2)∗(ξ), r♯(φ∗(θ))〉
= 〈[φ(r♯(ξ)), φ(r♯(η))]g, θ〉 − 〈(φ
−2)∗(η), [φ(r♯(ξ), r♯(φ∗(θ)))]g〉
+〈(φ−2)∗(ξ), [φ(r♯(η)), r♯(φ∗(θ))]g〉
= 〈[r♯((φ−1)∗(ξ)), r♯((φ−1)∗(η))]g, θ〉 − 〈(φ
−2)∗(η), [r♯((φ−1)∗(ξ)), r♯(φ∗(θ)]g〉
+〈(φ−2)∗(ξ), [r♯((φ−1)∗(η)), r♯(φ∗(θ))]g〉
= −〈r1, (φ
−1)∗(ξ)〉〈[r2 , r1]g, θ〉〈r2, (φ
−1)∗(η)〉 − 〈r2, (φ
−1)∗(ξ)〉〈[r1 , r2]g, θ〉〈r1, (φ
−1)∗(η)〉
+〈r1, (φ
−1)∗(ξ)〉〈[r2 , r1]g, (φ
−2)∗(η)〉〈r2, φ
∗(θ)〉+ 〈r2, (φ
−1)∗(ξ)〉〈[r1 , r2]g, (φ
−2)∗(η)〉〈r1, φ
∗(θ)〉
−〈r1, (φ
−1)∗(η)〉〈[r2 , r1]g, (φ
−2)∗(ξ)〉〈r2, φ
∗(θ)〉 − 〈r2, (φ
−1)∗(η)〉〈[r1 , r2]g, (φ
−2)∗(ξ)〉〈r1, φ
∗(θ)〉
=
1
2
[r, r]g((φ
−2)∗(ξ), (φ−2)∗(η), θ)
= 〈
1
2
[r, r]g((φ
−2)∗(ξ), (φ−2)∗(η)), θ〉,
which implies that (35) holds.
Theorem 5.3. Let (g, [·, ·]g, φ) be a Hom-Lie algebra. Then (g
∗, [·, ·]g∗ , (φ
−1)∗) is a Hom-Lie
algebra, where [·, ·]g∗ is defined by (34) for some r ∈ ∧
2g satisfying (33), if and only if
adx[r, r]g = 0, (36)
Under these conditions, (g, g∗) is a coboundary purely Hom-Lie bialgebra.
Proof. By straightforward computation, (φ−1)∗ is an algebra automorphism, i.e. (φ−1)∗([ξ, η]g∗) =
[(φ−1)∗(ξ), (φ−1)∗(η)]g∗ if and only if (33) holds.
By Proposition 5.2, (36) and the fact that ad⋆ is a representation, we have
[(φ−1)∗(ξ), [η, δ]g∗ ]g∗ + c.p.
= ad⋆φ(r♯(ξ))
(
ad⋆r♯(η)δ − ad
⋆
r♯(δ)η
)
− ad∗φ(r♯([η,δ]g∗ ))(φ
−1)∗(ξ) + c.p.
= ad⋆φ(r♯(ξ))
(
ad⋆r♯(η)(δ)
)
− ad⋆φ(r♯(η))
(
ad⋆r♯(ξ)(δ)
)
−ad⋆r♯([ξ,η]g∗ )(φ
−1)∗(δ) + c.p.
= ad⋆[r♯(ξ),r♯(η)]g−r♯([ξ,η]g∗)(φ
−1)∗(δ).
For all x ∈ g, we have
〈[(φ−1)∗(ξ), [η, δ]g∗ ]g∗ + c.p., x〉
= −〈(φ−3)∗δ, ad[φ(r♯(ξ)),φ(r♯(η))]g−φ(r♯([ξ,η]g∗ ))x〉+ c.p.
= −〈ad∗x(φ
−3)∗(δ), [φ(r♯(ξ)), φ(r♯(η))]g − φ(r
♯([ξ, η]g∗))〉+ c.p..
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Thus, by Proposition 5.2 and (24), we have
〈[(φ−1)∗(ξ), [η, δ]g∗ ]g∗ + c.p., x〉
= −〈ad∗x(φ
−3)∗(δ),
1
2
[r, r]g((φ
−2)∗(ξ), (φ−2)∗(η))〉 + c.p.
= −
1
2
[r, r]g((φ
−2)∗(ξ), (φ−2)∗(η), ad∗x(φ
−3)∗(δ)) + c.p.
= −
1
2
〈[r, r]g, ad
∗
x((φ
−3)∗(ξ) ∧ (φ−3)∗(η) ∧ (φ−3)∗(δ))〉
=
1
2
〈adx[r, r]g, (φ
−3)∗(ξ ∧ η ∧ θ)〉,
which implies that Hom-Jacobi identity is satisfied if and only if adx[r, r]g = 0, for all x ∈ g.
Example 5.4. Let {e1, e2, e3} be a basis of a 3-dimensional vector space g. Define a skew-
symmetric bracket operation [·, ·]g on g by
[e1, e3] = e2.
Then (g, [·, ·]g, φ) is a Hom-Lie algebra, where φ =

 a 0 00 1 0
0 0 1
a

 . Let r = e1 ∧ e3 and r♯ =
 0 0 10 0 0
−1 0 0

. It is straightforward to see that (33) holds. Furthermore, we have [r, r]g =
−2e1 ∧ e2 ∧ e3 and adx[r, r]g = 0 for all x ∈ g. Thus, conditions in Theorem 5.3 are satisfied and
this gives rise to a coboundary purely Hom-Lie bialgebra. More precisely, we have
∆(e1) =
1
a
e1 ∧ e2, ∆(e2) = 0, ∆(e3) = −ae2 ∧ e3,
and the Hom-Lie algebra on the dual space g∗ is given by
[e1, e2]g∗ =
1
a
e1, [e1, e3]g∗ = 0, [e
2, e3]g∗ = −ae
3,
where {e1, e2, e3} are the dual basis.
Definition 5.5. Let g be a regular Hom-Lie algebra and r ∈ ∧2g satisfying (33). The equation
[r, r]g = 0. (37)
is called the classical Hom-Yang-Baxter equation. A triangular purely Hom-Lie bialge-
bra is a coboundary purely Hom-Lie bialgebra, in which r is a solution of the classical Hom-Yang-
Baxter equation.
Remark 5.6. Due to the condition (32), the classical Hom-Yang-Baxter equation defined above is
not the same as existing ones.
Example 5.7. Let {e1, e2} be a basis of a 2-dimensional vector space g and {e
1, e2} the dual basis
of g∗. Define a skew-symmetric bracket operation [·, ·]g on g by
[e1, e2]g = e2.
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Then (g, [·, ·]g, φ) is a Hom-Lie algebra in which φ =
(
1 1
0 1
)
. See [5] for more details about the
classification of 2-dimensional Hom-Lie algebra. Since ∧3g = 0, any r ∈ ∧2g is a solution of the
classical Hom-Yang-Baxter equation. In particular, let r = e1 ∧ e2. Then the Hom-Lie algebra
structure on g∗ is given by
[e1, e2]g∗ = e
1, (φ−1)∗ =
(
1 0
−1 1
)
Consequently, (g, [·, ·]g, φ) and (g
∗, [·, ·]g∗ , (φ
−1)∗) constitute a triangular purely Hom-Lie bialge-
bras.
Corollary 5.8. If r ∈ ∧2g a solution of the classical Hom-Yang-Baxter equation (37), then r♯ is a
homomorphism from the Hom-Lie algebra (g∗, [·, ·]g∗ , (φ
−1
g
)∗) to the Hom-Lie algebra (g, [·, ·]g, φg).
At the end of this section, we construct a solution of the classical Hom-Yang-Baxter equation
using the Hom-O-operator introduced in [4], which is a generalization of an O-operator introduced
by Kupershmidt in [10].
Definition 5.9. Let (g, [·, ·]g, φ) be a Hom-Lie algebra and ρ : g −→ gl(V ) a representation of
(g, [·, ·]g, φ) on V with respect to β ∈ GL(V ). A linear map T : V → g is called a Hom-O-operator
if T satisfies
T ◦ β = φ ◦ T ; (38)
[Tu, T v]g = T
(
ρ(T (β−1(u)))(v) − ρ(T (β−1(v)))(u)
)
. (39)
By Proposition 5.2, we have the following example of Hom-O-operators.
Example 5.10. Let (g, [·, ·]g, φ) be a Hom-Lie algebra. Then r ∈ ∧
2g satisfies the classical Hom-
Yang-Baxter equation (37) and condition (33) if and only if r♯ ◦ (φ−1)∗ is a Hom-O-operator
associated to the coadjoint representation ad⋆.
Example 5.11. Let (g, [·, ·]g, φ) be the 2-dimensional Hom-Lie algebra given in Example 5.7. Let
{e1, e2} be a basis of g and {e
1, e2} the dual basis. Then
(
−1 1
−1 0
)
: g∗ −→ g is an Hom-O-
operator associated to the coadjoint representation ad⋆.
Next, we consider the semi-direct product Hom-Lie algebra g⋉ρ⋆V
∗. Any linear map T : V → g
can be view as an element T¯ ∈ ⊗2(g⊕ V ∗) via
T¯ (ξ + u, η + v) = 〈T (u), η〉, ∀ξ + u, η + v ∈ g∗ ⊕ V.
Let κ be the exchange operator acting on the tensor space, then r := T¯ − κ(T¯ ) is skew-symmetric.
Theorem 5.12. Let (g, [·, ·]g, φ) be a Hom-Lie algebra, ρ : g −→ gl(V ) a representation of
(g, [·, ·]g, φ) on V with respect to β ∈ GL(V ) and T : V → g a linear map satisfying T ◦ β = φ ◦ T .
Then r = T¯ −κ(T¯ ) is a solution of the classical Hom-Yang-Baxter equation in the Hom-Lie algebra
g⋉ρ⋆ V
∗ if and only if T ◦ β is an Hom-O-operator.
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Proof. Let {v1, · · · , vn} be a basis of V and {v
1, · · · , vn} be its dual basis. It is obvious that T¯
can be expressed by T¯ = vi ⊗ T (vi). Here the Einstein summation convention is used. Therefore,
we can write r = vi ∧ T (vi). By direct computations, we have
[r, r]g⋉ρ⋆V ∗ = [v
i ∧ T (vi), v
j ∧ T (vj)]g⋉ρ⋆V ∗
= (β−1)∗(vi) ∧ (β−1)∗(vj) ∧ [T (vi), T (vj)]g
+(β−1)∗(vi) ∧ [T (vi), v
j ]g⋉ρ⋆V ∗ ∧ φ(T (vj))
−(β−1)∗(vj) ∧ [vi, T (vj)]g⋉ρ⋆V ∗ ∧ φ(T (vi))
= 〈(β−1)∗(vi), vm〉v
m ∧ 〈(β−1)∗(vj), vn〉v
n ∧ [T (vi), T (vj)]g
+〈(β−1)∗(vi), vm〉v
m ∧ 〈ρ⋆(T (vi))(v
j), vn〉v
n ∧ T (β(vj))
+〈(β−1)∗(vj), vn〉v
n ∧ 〈ρ⋆(T (vj))(v
i), vm〉v
m ∧ T (β(vi))
= vm ∧ vn ∧ 〈vi, β−1(vm)〉〈v
j , β−1(vn)〉[T (vi), T (vj)]g
−vm ∧ vn ∧ 〈vj , ρ
(
T (β−1(vi))
)
(β−2(vn))〉〈v
i, β−1(vm)〉T (β(vj))
+vm ∧ vn ∧ 〈vi, ρ
(
T (β−1(vj))
)
(β−2(vm))〉〈v
j , β−1(vn)〉T (β(vi))
= vm ∧ vn ∧
(
[T (β−1(vm)), T (β
−1(vn))]g − Tβ
(
ρ(T (β−2(vm)))(β
−2(vn))
)
+Tβ
(
ρ(T (β−2(vn)))(β
−2(vm))
))
= vm ∧ vn ∧
(
[Tβ(β−2(vm)), T β(β
−2(vn))]g − Tβ
(
ρ(Tβ(β−1 · β−2(vm)))(β
−2(vn))
)
+Tβ
(
ρ(Tβ(β−1 · β−2(vn)))(β
−2(vm))
))
.
Furthermore, since T ◦ β = φ ◦ T , it is obvious that T ◦ β satisfies (T ◦ β) ◦ β = φ ◦ (T ◦ β).
Thus, r is a solution of the classical Hom-Yang-Baxter equation in the Hom-Lie algebra g⋉ρ⋆ V
∗
if and only if T ◦ β is a Hom-O-operator.
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